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Abstract. Two-component hyperbolic system of equations generated by ordinary differential 
Painleve I 

u yy = 6u 2 +y 

and Painleve III 

yuuyy = yu 2 — uu y + 5y + (3u + au 3 + ^yyu 4 

equations are considered, where a, ft, 7, 5 are complex numbers. The structure of characteristic 
Lie rings is studied and higher symmetries of Lie-Backlund are obtained. 



Keywords: characteristic vector field, characteristic ring, x— and y— integrals, higher 



> 

o 

m 

ly-j ■ symmetries. 

o: 1 

Introduction 



Characteristic Lie rings and higher symmetries of Lie-Backlund for Painleve I 

Uyy = 6u 2 + y (1) 

and Painleve III 

yuuyy = yu 2 — uu y + 5y + (3u + au 3 + 'jyu 4 (2) 

equations are considered, where a,/3,j,5 are complex numbers. 

For definition of characteristic Lie ring of ordinary differential equations consider 
hyperbolic system of eqautions (see PQ) 



u 
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F l (x,y,u,u x ,u y ), i = 1,2, . . . ,n, u = (u ,u , . . . ,u n ). (3) 



We introduce a set of independent variables U\ — u x , U\ — u y , u 2 = u xx , u 2 = u yy , 
and denote by D(D) an operator of full differentiation with respect to y (x). 
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Definition 1 Function u> = u(x,y,u,Ui, . . . ,u m ) is called an x— integral of order m of 
equations if ^ — . J ^ and Du = 0. Similarly, to = ou(x, y, u, Ui, . . . , u p ) is an 



n / 
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y— integral of order p of equations ([3]), if \J)~iJ ^ ^ anC ^ = ^' 

Denote an area of locally analytical functions by where every function depends on a 

finite number of variables x, y, u\, u, Ui, U2, ■ ■ ■ , Uk, Operator D acts on functions from 

S as follows: 

D = u l 2 Xi + X n+ i, 

where 

d 

Xi = 7TT' « = 1,2, . . . ,n, 

= | + ^ + + + • • • + D "^M + ■ ■ ■ • 

The x— characteristic Lie ring of equations ([3]) is a ring A generated by vector fields 
X%, X%, ■ ■ ■ , X n+ i. Similarly, the y— characteristic Lie ring A is defined. 

Notice that the concept of characteristic vector field first was introduced by the 
Goursat in j2]. 

Denote a linear area of commutator of length n, n = 1, 2, 3, ... by L n . For example 
L\ is a linear span of vector fields Xi,X2, . . . ,X n+ i and L2 is generated by operators 
X{j = [X{, Xj], i, j = 1, 2, . . . , n + 1 etc. Then the x— ring is represented in the form 

00 

i=l 

For y— characteristic ring A we have 

00 

a=y j u 



i=l 



In [3j it was conjectured that dimension of linear areas Lj (Lj) for integrable equations 
grows slowly. Further this hypothesis was confirmed by numerous examples of integrable 
continuous and discrete models. Property of minimal growth became a kind of classification 
criterion for integrable equations. From [4j it is follows that this property of the ring and 
the property of existence of hierarchy of higher symmetries for integrable equations are 
equally universal. 

Definition 2 Symmetry of equations (TJ)] is a set of functions 

f = P(%, V, u, ui, . . . , u r , ui, . . . , u s ), i = 1, 2, . . . , n, 
satisfying the defining equations 

DDf — (F\j + FfjD + F*j)f j , i = l,2,...,n. 
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It is known that any Lie-Backlund symmetry /*, i = l,2,...,nis represented in the 
form 

f = n+& 

where functions ft are depends on variables x, y, u, U\, 11%, . . . , and functions ft are depends 

on variables x,y,u,Ui,U2, And besides ft and ft are symmetries itself. 

Concept of characteristic Lie ring for a system of ordinary differential equations 

ul = f(x,y,u), i = 1,2, ...,n, u = (u\u 2 , . . . ,u n ), (4) 

was introduced in [5]. In this work two definitions for characteristic ring were proposed 
01]). First definition is based on change 

dp 1 

u l = — , i = 1,2,. . . ,n, 
ox 

in which equations (jlj) are take the form 

Ply = f(x,y,v x ), i = l,2,...,n, v = (v 1 ,v 2 , . . . ,v n ). (5) 

The x and y— characteristic Lie rings of hyperbolic system (J3D are called characteristic Lie 
rings of initial system of ordinary differential equations (jlj). 

Another definition of characteristic Lie ring for system (jlj) is associated with the 
following hyperbolic system of equations 

«',„ ./:; • & < = i,2,...,n. (6) 

In the first section characteristic Lie ring for system of equations (j5j) and ([6]) 
corresponding to Painleve I equation are considered. We show that these Lie rings are 
rings of slow growth. Namely, for the system of equations fl5]) dimension of x— ring is 
equal to three, and for y— ring dimL\ = 3, dimL n = n, n = 2,3,4; dimL 5 < 5. For 
the hyperbolic system ([6]), corresponding to the equation Painleve I, it is shown that 
dimension of y— ring is four, and for x— ring the following formalus are true dimLi = 
3, dimLk = 1, k = 2, 3, 4, 5, 6; dimY^=i Li = 8. 

In the second and third sections the higher symmetries of Lie-Backlund for system of 
equations (jSJ) corresponding to equations (JT|) and (j2J) are obtained . 

1 Lie rings for Painleve I equation 

We rewrite equation (CQ) as 

u y = v, Vy = 6u 2 + y. 
Then the corresponding hyperbolic system of equations (J5]) and ([2D take the form 

Pxy = q x , qxy = Qp 2 x + y (u = p x , v = q x ) (7) 

and 

u xy = v x , v xy = Yluu x . (8) 
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In this section we study the characteristic Lie ring of systems of equations (jTJ) and (JSJ). 
For the system (J7J) x— characteristic Lie ring is generated by vector fields 

X - 9 X - 9 

op Oq 

d d 2 d d d 

X 3 = — + qi- h (6^! + yj^ h h 12pif> 27 ; h • • ■ • 

dy dpi c% dp 2 «g 2 

Since [Xi,X 2 ] = [Xi,^] = LY 2 ,Xs] = 0, then dimension of x— ring is equal to three. 
Herewith x— integrals 

co = u(y,p 1 ,q 1 ) and w = w(y,p 1 ,q 1 ) 
are defined from partial derivative equations 

| + *£ + ««+«o£) *■ = <>. ffl 

Note, that u = const and u> = const are define integrals of initial equation ([I]). 
The y— characteristic Lie ring of equations (j7]) is defined by vector fields 

Y - 9 Y - 9 

Y l — a — j r 2 — q — , 

^3 = ^- +pi|- + gi^- + (6p? + y)^- + (i2 M + r () 



where 



<9x <9p 5A X <9A 2 <9A 3 

+(12g? + 72p\ + 12y Pl )— + (360^ + \2 Pl + 36y ?1 )— + (10) 

0X4 o\ 5 

+ (2160^ + 720 Pl ql + 48^ + 576y^ + SGy 2 )^ + . . . , 

9 9 9 i - 1 2 

It is easy to see, that the vector fields Y 1 , [Y 1 , Y 3 ], [Yi, [Y 1 , Y 3 ]], [Y 1 , [Yi, [Y 1 , Y 3 ]}}, ... are 
linearly independent, and hence y— ring is infinite. 
Since D and D commute, we have 

[D,D]F(x,y, P ,q, Pl ,q 1 ,p 1 ,q 1 ,p2,q~2, ■ ■ •) = 
= D(p 2 Y 1 + q 2 Y 2 + Y 3 )F - (p 2 Y x + q 2 Y 2 + Y 3 )DF = (11) 
= (p 2 [Y, Y] + q 2 [Y, Y 2 ] + [Y, Y 3 ] + ^ + 12 Pl p 2 Y 2 )F = 0. 

Here Y is the operator of full differentiation with respect to y in the area of functions 
depending on a finite set of variables x, y,p, q,pi, qi,pi, qi,p2, <h, ■ ■ ■ 

d d d d / 2 d d d d d 

Y = 7T + P 1 TT + + 9i + (6P1 + I/) q— + + ^277- +P377— + 9377— + • • • • 

ay ap opi aq\ op\ aq\ op 2 oq 2 

The following statement is true. 
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Lemma 1 Let the vector field Z is given by 

^ ^ d Pi + ^ % ) ' 
a { = Oi{y,px,qx), Pi = Pi(y,Pi,qi). 
Then the equality [Y, Z] = is true if and only if Z — 0. 
Proof. We have 

that is cki = 0, /3i = 0, c^+i = Y(«j), = Y(/3i), i = 1,2,.... Hence aj = 0, 

& = (),« = 1,2, ...andZ = 0. 

Lemma [1] is proved. 

From ffTTT) it is follows that 



[Y y x ] = -i2 Pl y 2 , [y, y 2 ] = -y 1; [y, y 3 ] = o. (12) 

The linear area L 2 is generated by operators Y13 and Y 23 : 

Ya = i + 12pi ^ + 12 *^ + (216p? + l2y) w t + (720 ™> + l2) ik + 

+ (8640p? + 720q? + 1152y Pl )^- + . . . , (13) 

OXq 

Y « = + 12pi ^ + 24S1 ^I + (360rf + 3%) ^ + (1440piSl + 48) ^ + ' ' ' ' 

Using the Jacobi identity, we obtain 

[Y, Y 13 ] = -[Y 3 , [Y, Y 1 }} + [Y 1; [Y, Y 3 ]], [Y, Y 23 ] = -[Y 3 , [Y, Y 2 ]] + [Y 2 , [Y, Y 3 ]], 
or, using (fT2|) . we have 

[Y,Y 13 ] = -[Y 3! -12 Pl Y 2 ], [Y,Y 23 ] = -{Y^-Y,}. 
Thus, we have the following relations 

[Y,Y 13 ] = -12 Pl Y 23 , [Y,Y 23 ] = -Y 13 . (14) 
The linear area L 3 is generated by commutators Yn 3 , Y i23 , Y 2 i 3 , Y 223 . Herewith 

^213 = Yi 23 

and 

r) r) r) r) 

Y 113 = 12— + 432 Pl — + 720^ — + (25920p? + 1152?/)— + . . . , 
cm 2 aA 4 o\ 5 OAq 

c) d d 

Y 123 = 12— + 720 Pl — + 1440 9l — - + . . . , (15) 
d\ 3 dX 5 dX G 

d d 
Y223 = 24— + 1440^!— + . . . . 
0X4 OXq 
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As above, we can prove the following formulas 

[Y, Y 213 ] = -Y 113 - 12 Pl Y 223 , [Y, Y 113 ] = -12Y 23 - 2A Pl Y 123 , [Y, Y 223 ] = -2Y 123 . (16) 

The linear area L 4 is generated by operators Y m3 , F2113, Y 12 i 3 , Y 22n , Y 1223 , Y 2223) 
[Y13, Y 23 ], herewith 

Y1213 — Y2113, Y 122 3 — Y2213, [Y13, Y23] — 

and 

Y 1113 = 432— + 51840 Pl — + . . . , 
0X4 aA 6 

Y 2 i 13 = 720— + • — + ..., (17) 
0X5 oX 6 

Y 22l3 = 1440— . . . , Y 222 3 = ■ — + ... . 

oX 6 dX 6 

We can show that 

[Y, Y 1113 ] = -3Q Pl Y 2U3 - 36F 123 , [Y Y 22V3 ] = -2Y 2113 - 12 Pl Y 2223 . (18) 

From (ITUj) . f)13p . f fT5"j) it is follows that dimL\ = 3, dimL 2 = 2, dimL 3 = 3. Let us 
show that the operators Y 223 ,Y n i 3 ,Y 2n3 ,Y 2213 ,Y 2223 are linearly independent. If they are 
dependent then according to (TT5]) . (JTTJ) we must have 

432 25920 

ni!3 - ^7^223 - ^TPi y 2213- 

According to Lemma (TJ this relation is equivalent to 

[Y Y m3 ] - i8[r, Y223] = i8giY 2213 + i8 Pl [Y, y 22 i 3 ]. 

Using the formulas ( JT6|) . (TTB~]) . we have 

-36 Pl y 2113 - 36Y 123 + 36y 123 = lS qi Y 2213 + 18 Pl (-2Y 2U3 - 12 Pl Y 2223 ) 

or 

<?lY 22 i 3 - 12p^F 2 223 = 0. 

That it is impossible. Hence operators Y 22 3, Y.113, 12113, Y2213, Y 2223 are linearly independent 
and dimLi = 4. 

The area L 5 is generated by commutators Y 1U13 , Y 21113 , Y 12113 , I22113, Y 12213 , Y 22213 , 
Y12223) ^22223; and among them there are pairs of equal operators. Namely 121113 = 
Yi2ii3) I22113 = Y2213) I22213 = li2223- Thus dimL 5 < 5. 

Based on the above results, it seems possible to assume the validity of the following 
formulas 

dimLk < k, k > 6. 

Then we have 

n 

dim{L x + L 2 + ... + L n ) <3 + 2 + 3 + 4 + 5 + J^ k, 

fc=6 



or 

2 

— — — Tl Tl 

dim{L x + L 2 + . . . + L n ) < — + - + 2. 

Thus, we can hypothesize that the y— ring of (J7J) is a ring of slow growth. 
Next, we consider the characteristic Lie ring of equations (jSJ). 
Y — characteristic Lie ring of ([8]) is generated by operators 

Y- 9 Y - 9 

*1 — 7j 1 Y 2 — 7^ , 

( d d d d \ ( d d d 

Y z = Ui — + I2u— + I2u— + 12mi— + ..■) +VA— + — + I2u— + . 

\OU OV i OU 2 OV 2 J \OV OUi OV 2 

Clearly that Y 3 = uiYi 3 + V\Y 2 3 and operators Y\, Y 2 , I13, Y 2 % form a basis of y— 
characteristic ring. Thus, the dimension of y— ring is equal to 4. And equations (jSJ) has 
two y— integrals of the first order: 

u> = u\ — v, w = v\ — 6m 2 . 

Consider x— characteristic ring. The operator of full differentiation with respect to y 
in the area of functions depending on a set of variables u, v, ui, V\, u 2 , V2, ■ ■ ■ is given by 



D = uxXt + v x X 2 + X 3 , 



where 



X - 9 X - 9 

OU OV 

v ( d d d \ 

X 3 = V 1 - h ^2 7; h ^37^ h ... + 

\ au\ ou 2 ou 3 J 

( d d d 

+12 uu%— h (uu 2 + u\)- h (uu 3 + 3miM 2 )t^ h • 

V OV\ ov 2 Ov 3 

Since operators D and D commute, we have 

[D, D]F(u, V, Mi, Mi, M 2 , v 2 , . . .) = 
= {D{u 1 X 1 + MiX 2 + X 3 ) - {u 1 X 1 + MiX 2 + X 3 )D)F = (19) 
= (mi [D, Xi] + mi [D, X 2 ] + [D, X 3 ] + M1X1 + 12mmiX 2 )F = 0. 

Here X is the operator of full differentiation with respect to x in the area of functions 
depending on a set of variables m, m, U\, V\, m 2 , m 2 , . . . 

d d d d 

X = Mi— + Mi— + U 2 - h V 2 - V .... 

OU OV OU\ OV\ 

For the operator X we can prove the following statement similarly as in the lemma [TJ 
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Lemma 2 Let the vector field Z is given by 

' dui ' 1 du 



1=1 

^ = 5i(w,t',iti,t'i,M2,f2, ■ ■ ■ ,u ni ,v ni ), €i = e i (u,v,u 1 ,v 1 ,u 2 ,v 2 , . . .,u ki ,v ki ). 



Then [X, Z] = if and only if Z = 0. 

From (fT9|) it is follows 

[X, X x \ = 0, [X, X 2 ) = 0, [X, X 3 ] = -v x X x - 12u Ul X 2 . (20) 

It is easy to see that the dimension of the linear area L x [L\ = L (X x , X 2 , X 3 )) is equal 
to three. 

Since the coefficients of the vector field X 3 are independent of v, then commutator 
X 23 = 0. And commutator X 13 has the form 

( d d d d 
X 13 = 12 m- h u 2 - h u 3 - h u A - h • 

\ OVi OV 2 OV 3 OV4 

Thus dimL 2 = 1. Herewith 

[X, X 13 ] = -[X 3 , [X, Xi]] + [X lt [X, X 3 }}, 

or, using (1201) . we have 

[X,X i3 ] = [X 1 ,-v 1 X 1 -12uu 1 X 2 ], 

that is 

[X,X 13 \ = -12 Ul X 2 . (21) 

The form of the operators X\, X 2 , X 3 and X 13 implies that X 1X3 and X213 are zero, 
and the commutator X 313 has the form 

f d d d d 
X 313 = 12 v x - h v 2 - h v 3 - h Vi- \- ... 

\ avi ov 2 ov 3 OVi 

io / d d d d \ 

-12 mi- Vu 2 - Vu 3 - Vui- h ... . 

V OUi OU 2 OU 3 OU4 J 



Taking into account (1201) . (12 ip . we have 
[X,X 313 ] = ~{X 13 , [X,X 3 ]} + [X 3 , [X,X 13 }\ = -[X 13 , - Vl Xt - 12u Ul X 2 ] + [X 3 , -12 Ul X 2 ], 
or 

[X,X 313 ] = \2u x X x -\2v x X 2 . (22) 

Let show that the operators X 3 , X 13 and X 313 are linearly independent. Indeed, if they 
are linearly dependent, then there exists functions a, f3 of the variables u, v, U\, Vi, u 2 , v 2 , . . . 
such that X 3 i 3 = aX 3 + (3X\ 3 . Last equality, according to Lemma [2} is equivalent to 

[X, X 313 ] = D(a)X 3 + D{f3)X 13 + a[X, X 3 ] + f3[X, X 13 ]. 
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Or using flU, (EU), we have 

12u 1 X 1 - \2v x X 2 = X(a)X 3 + X(/3)X X3 + a(-v x X x - l2uu x X 2 ) + P(-12u x X 2 ). 

Equating the coefficients of the independent operators X x and X 3 , we obtain the system 
of equations 

X(a) = 0, 12u x = — v x a. 

The first equality implies that a = const. This contradicts the second equation. Consequently, 
the operators X3, X X3 and X313 are linearly independent and dimL 3 = 1. 

The linear area L4 is generated by the operators X1313, X 23 i 3 and X3313. Thus, it is 
easy to see that X1313 = X 23 i 3 = 0, and the commutator X 33 i 3 has the form 

X 3313 = -24 Vl — + 288uu x — + .... 

OU X ov x 

Using formulas fl22]), we find 

[^)^3313] — — [A313, [^^3]] + [Xs, [^^313]] — 

= -[X 313) -v x X x - 12u Ul X 2 ] + [X 3 , \2u x X x - \2v x X 2 ], 

hence 

[X, X3313] = 24v 1 X 1 - 288u Ul X 2 - Uu x X X3 . (23) 

Let show that the operators X 3 , X 13 , X 3X3 and X 3313 are linearly independent. Suppose 
to the contrary, that X3313 = aX 3 + f3X X3 + 5X313, where a, j3, 5 is a function of the 
variables u, v, u x , v x , u 2 , v 2 , . . . . According to Lemma [2] and formulas (1201) - ( f23|) . we have 

24v x X x - 288uu x X 2 - 12u x X X3 = X{a)X 3 + X{/3)X X3 + X(5)X 3X3 + 
+a(-v x X x - 12uniX 2 ) + 0{-12u x X 2 ) + 8(12u x X x - 12^iX 2 ). 

Equating coefficients of the operators X 3 , X 313 , X x and X 2 , X 13 in the resulting correlation, 
we have 

X(a) = 0, X(8) = 0, 2Av x = -v x a + 12u x 8, 
-288uu x = -\2uu x a - \2u x fi - \2v x 8, -12u x = X(f3). 

From the first three equations follows that a = —24, 5 = 0. Substituting the values 
a and 5 in the fourth equation we find that j3 = A8u. This contradicts the condition 
— 12u x = X(/3). Hence dimL^ = 1. 

The area L 5 is the linear span of commutators X 13313 , X23313, X 3 3 31 3, [X 13 ,X 313 ]. 
Using the Jacobi identity and the formulas (12TI) - (l23l . we can show that 

[^,^13313] = -288 Ml X 2 , [X,X 233 i3] = 0, [X, [X 13 ,X 3 i 3 ]] = -288 Ml X 2 . 
Then, according to Lemma |2] and equality ( l2Tj) . we obtain 

-^13313 = 24Xi3, X 23 3i3 = 0, [Xi3,X3i3] = 24Xi3. 
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For operator X33313 we have 

[X, X33313] — — [X3313, [X, X3]] + [X3, [X, X3313]] = 

= -[^3313, -viX x - 12u Ul X 2 ] + [X 3 , 2Av x X t - 288u Ul X 2 - 12 Ul X 13 \. 

Rearranging this equation, we obtain the equality 

[X, X33313] = 576UU1*! - 576u Vl X 2 - 60 Vl X 13 - l2 Ul X 313 . 

Using this equality we can obtain, that the operators X3, X\ 3 , X313, X3313 and X33313 
are linearly independent, and hence dimL^ = 1. 

Finally, we consider the area L 6 = L (X133313, X233313, X333313, [X13, X3313]) • Easy to 
check the validity of the following formulas 

X233313 — 0, X133313 = 48X313, [Xi3,X33i3] = 24X313, 

[X ^333313] = 1152wiXl + m\2u 2 Ul X 2 - l2Wu Ul X 13 - l2$ Vl X 313 - \2 Ul X 3313 . 

As above, we can prove that the operators X 3 , X\ 3 , X 3X3 , X 33 i 3 and X333313 are linearly 
independent and dimL§ = 1. 
Thus, we have shown that 

n 

dimL k = l, k = 2, 3, 4, 5, 6; dim S ^L i = 8, n = 6. 

i=i 

Apparently, these formulas are valid for any k and n, ie 

dimLk = 1, k > 2; dim Lj = n + 2, 

i=i 

and x— ring of the system of equations ([S]) is a ring of slow growth. 

2 Symmetries of Painleve I equation 

In this section we calculate the higher symmetry of the system (JTj). 
Consider x— symmetries of the form 

/ = f(x,y,p,q,p u qi,...,p n ,q n ), g = g(x, y,p, q,p x , q x , ■ ■ ■ ,p n , q n ), 

(Pr = f, Qr = 9). 

We move from variables x,y,p,q,p x ,q x , . . . ,p n ,q n , . . . to x,y,p,q u, w, u x , w x , . . . , w„_i, 
w n -i, . . .. Then the symmetries of / and g can be written as 

/ = f(x,y,p,q,u,w,ui,w 1} . . . , w n -i, 9 = g(x,y,p,q,u,w,Ui,Wi, . . . , w n _i, u> n -i), 

where a; and w are x— integrals of the first order of equations (I7j) and oj^ = D h u, Wk = 
D k w, k = 1,2, 
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The defining system of equations has the following view 

DDf = Dg, DDg = 12 Pl Df. (24) 

Further we introduce the notation 

Df = F{x,y,j>,q,u,w,ux,w 1 , . . .,u n ,w n ), 
Dg = G{x,y,p,q,u,w,u)-i,wx, . . .,u n ,w n ). 

Then equations (124)) become 

DF = G, DG = UpxF. (26) 

From (I25p . (126]) we get that F p = F q = G p = G q = and, hence equations (126]) are 
equivalent to the following 

F y = G, G y = 12 Pl F (27) 

Since equations (J7]) have x— integrals of the first order, then there exists a function ft, = 
h(y,u},w) such that p x = h. Thus from f[2T|) we get 

F yy = 12h{y,u,w)F. (28) 

Consider the symmetry of the first order 

f = Pi, 9 = Qi- 

We have 

F = Df = Dh = h^LOi + h w wi, 

and equation f j28|) becomes 

KyyOJi + h wyy wi = 12^^^ + h w W\) . 

Which implies that 

h = \2hh h = 12/7/7 

Hence the functions and h w are particular solutions of f )28p . We show that the solutions 
h w and h w are linearly independent. Indeed, if h u = c(u,w)h w , then h = h(y,a(u,w)) = 
h(y,W). And, therefore, system ([7]) has an integral W = W(y, P \), which is impossible 
because of equality fl9]). 

Thus, the general solution of (l28|) has the form 



F = h u A(x,u),w,0Ji,wi, . . . ,u n ,w n ) + h w B(x,ui,w,uJi,wx, . . . ,u n ,w n ). (29) 

Finally from equations fl25|) . fl27|) . fl29|) it follows that the higher local x— Lie-Biicklund 
symmetries of (J7J) are given by 

/ = D- 1 (h„ A + h w B) , g = D- x {K y A + h wy B) , 
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where functions A = A(x, u, w, co±, Wi, . . . , u n , w n ) and B = B(x, u, w, u>\, Wi, . . . , u n , w n ) 
satisfy 

s s 

— {h u A + h w B) = —{h u A + h w B) = 0. 
ou ow 

Further we construct the y— symmetries 

V? = ^P(x,y,p,q,pi,qi, ■ ■ ■ ,Pn,q n ), 4> = ip(x,y,p,q,p u q u . . .,p m ,q m ), 

for system (j7|). 

Let the order of variables p,q,Pi,q~i,p2,q~2,--- the functions D(p and Dip be equal to n 
and m correspondingly. Then, from the defining equations 

DD(p = Dtp, DDip = l2 Pl D<p (30) 

it follows that n + l = mnm + l = n and hence 

Dip = F(x t y t pL,qi), Dip = G(x,y, Pl ,qi). 

On the other hand 



D(p{x,y,p,q,pi,q!, . . .,p n ,q n ) = + Pi^T + ?i [ a=~ + a~ ^+ 

ax op \ api ag / 

+(6p? + s) (4 + A) if + (12mi + 1) (4 + 4) * + • ■ 

Hence the function ip satisfies the equations 

dip . N dtp . N / d d\ , . 

— = a(x, y), = ao(x, y), [ t~ + ^- = y), 
ax op \ api ag / 

a a \ / d d \ 

r~ + V = «2(a:,y),..., ^— + ^ — ip = a n (x,y). 



dp 2 dqij '' \dp n dq n -i 

It is easy to obtain from it, that 

tp = 0(x,y) + fio(y)p + Pi(y)Pi + ■■■ + /3 n (y)pn + h(y,Q } u>i, . . . (31) 

where u = pi — q is the y— integral of system ([?]). 
An analogous formula holds true for the function ip : 

^ = 7(^3/) + lo(y)p + 7i(y)Pi + ■ ■ ■ + 7m(?/)p m + H(y,u,u u . . .,w m _i). (32) 

Since the functions <£> = u), . . . , w n _i) and ?/> = H(y, u), u>i, . . . , 0J m -i) are define 
symmetries of the system ((7j) for any ft, and i7, then we obtain from (}3~Tj) and ( |32|) . that 

ip = f3(x,y) + ^2f3 k (y)p k} tp = j(x, y) + 7fc(y)P* ( 33 ) 

fc=0 fc=0 

are also symmetries. Substituting (l33j) into defining system (l30|) . we find, that 

<p = <p(y), ^ = ^(y)- 

Thus y— symmetries of the equations (JTj) are calculated by formulae 

ip = h{y,u),u x , . . .,Q n -i), ip = H(y,u>,Q 1 , . . . ,w m _i). 
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3 Symmetries of Painleve III equation 

System of equations (j^J) corresponding to Painleve III equation have the form 

p X y = q x , VPxqxy = yql - p x q x + 5y + pp x + ap 3 x + jyp*. (34) 



In this section higher symmetries for the system (134J) are built. 

The x— characteristic Lie ring of system ( 134"1) is generated by vector fields 

X - d X - 9 

op oq 

^f + a^+f^ + fW + a^ + Trf) /■ + •••• 

dy dpi \px y pi y y J c% 

Since the coefficients of the vector field X 3 is independent of p and g, the dimension of 
x— ring is equal to three and x— integrals u = ui(y,pi, qi) and w = w(y,pi, q±) are defined 
by the partial differential equation 

oy dpi \pi y Pi y y J aq x ) 

Note, that u = const and w = const are define the integrals of the initial equation (T5]). 
Consider higher x— symmetries for equations ([3] 



/ = f(x,y,p,q,Pi,qi,...,p„,q n ), g = g(x,y,p,q,p 1 ,q 1 , . . . ,p n ,q n ), 

(Pt = f, qr = g)- 

We move from variables x, y,p, q,pi, Qi, ■ ■ ■ ,p n , q n , ■ ■ ■ to x, y,p, q u, w, Ui, W\, . . . , u;„_i, 
w n -i, . . .. Then the symmetry of / and g can be written as 

/ = f(x,y,p,q,u,w,u) 1 ,w 1 , . . .,w n -i,w n _i), g = g(x,y,p,q,u,w,u 1 ,w 1 , . . . ,u; n _ 1} w n _i). 
The defining system for system f)34p has the form 



DDf = Dg, DDg = ( 2— — -^\Dg+ {-% - b\ + 2a^ + 3 7 p? ) £>/, (3V) 



- -i- •:> ; / ' 

pi yj ~ V PI pi i/ 



which can be written as 



DF = G, DG= [2^--)g+ (-^-5\ + 2a^ + 3 1 p 2 1 ) F, (36) 



pi yj v Pi Pi y 

where 

D/ = F(x,y,p,q,u,w,uj 1 ,w 1 , . . .,u n ,w n ), 
Dg = G(x,y,p,q,u),w,u)i,w\, . . .,cu n ,w n ). 
Clearly that F p = F q = G p = G q = and the system (1361) is equivalent to 



(37) 



F y = G, G y = (2^ --)g+ ~s\ + 2a V - + 3 1P {] F. (3* 

\ pi yj \ pi p{ y J 
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Since the system (1M|) has x— integrals of the first order, then there are functions h = 
h(y, OJ, w) and H = H(y, u, w) such that p\ = h, q\ = H. Then the second equation (138)) 
can be written as 

F » = (4 - S F » + (-£ - 4 + 2a ; + 3 ^ 2 ) R (39) 

For the symmetry of the first order 

f =Pi, 9 = qi 
equation (131?)) is transformed as follows 

/ H 1 \ / if 2 1 /i \ 

huyyUi+huyyWi = \2— - - J (/i^Wi+Zi^iu^+f -— - 5— + 2a- + ^h 2 \ (^Uj+Zi^wi) 

or 

H 2 1 _ /i _ . 



huyy 







| + ( 


(4 










(4 





h 2 h 2 y 



h wyy = [ 2^- - - ) h wy + [ - 5^ + 2a^- + 3^h 2 j h w . 

Hence the functions h w and h w are a particular solutions of ( l39l) . It is easy to show that 
they are linearly independent, and so the general solution ( 139)) has the form 

F = huA(x, u,w,ui,wi, . . .,u n ,w n ) + h w B(x,u,w,u 1 ,wi, . . . ,u n ,w n ). (40) 

Finally, from equations (l3Tj) . (155)1 . ( 14*0|) it follows that the local higher x— symmetry Lie- 
Backlund of the system is defined from 

/ = D-\KA + ^B), # = D-\K y A + h wy B) , 

where functions A = A(x, u, w, u>i, Wi, . . . , u n , w n ) and B = B(x, u, w, u>i, Wi, . . . , u n , w n ) 
satisfy 

(5 5 
—{h u A + ft^B) = — (h u A + h w B) = 0. 

OUJ ow 
The y— characteristic Lie ring of equations (134"]) is defined by the vector fields 

1 ( 'V\ 

d d d d (q\ q 1 1 A p\ ,\ d 

Ys = JT+PiJT + ?i o- + finr + - " - + ^- + + «- + 7Pi tt- + 
ax op ag opi V pi y Pi y y J oqi 



d 


Y 2 


d 


dpi 


dqi 


(± 


_ <h 


+ *i 

Pi 


\Pi 


y 



It is easy to see that y— ring is infinite. However, the system of equations (1341) has 
y— integral of the first order O — p~\ — q. Define higher y— symmetries 

<p = <p(.x,v,p,q,Ph<ih ■ ■ ■ ,p n ,q n ), 4 s = tP(x,y,p,q,Pi,q~i, • • • ,Pm,q m ), 

(Pr = <p, q T = VO 
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for equations (I34p . 

Let the order of variables p, q,pi, <ji,p2, Q2, ■ ■ ■ the functions Dip and Dip be equal to n 
and m correspondingly. Then, from the defining system of equations 

DDip = Dip, DD1P = (2— - Dtp + (-% -6^ + 2a— + 3jpl) Dp (41) 

V Pi yj V pi pi y J 

it follows that n + 1 = m and m + 1 = m, hence 

Dip = F(x,y,p 1: qi), Dip = G{x,y,p 1: q x ). 

On the other hand 

_ , _ _ . dip dip ( d d\ 

Dtp(x,y,p,q,p 1 ,q u ...,p n ,q n ) = — + p x — + q x — + — ) ip+ 

dx dp \ dpi dq J 

(<ll Ql r 1 a 1 Pi 3^ ( 9 9 \ 

\pi y pi y y J \dp 2 dq x ) 

Therefore, the function ip satisfies the system 

ol P r \ dip . , / d d\ . . 

— = a(x, y), — = a {x, y), — + — ) tp = ai{x,y), 
dx dp \ dpi dq J 

d d \ ( d d \ 

+ 77— )<P = ol 2 (x, y),..., — + -rri — <p = a n (x, y). 



dp 2 dqij ' "' \dp n dq n -i 

It is easy to obtain from it, that 

<P = I3(x,y) + Po(y)p + Pi(y)Pi + ■■■ + /3 n (y)p n + h(y,u,Gh, . . . ,u n -i)- (42) 
An analogous formula holds true for the function ip : 

i> = l(x,y) + io(y)p + ii{y)pi + . . ■+ f y m (y)Pm + H(y,u,u u . . . ,u> m _i). (43) 

Since the functions ip = h(y, O, u>i, . . . , u) n -i) an d ip — H(y, a), u>i, . . . , a) m _i) are 

symmetries of the system (134j) for any h and H, then we obtain from (142j) and (143 j) . 
that 

n m 

ip = (3(x,y) + ^/3 k (y)p k , *P = l(x,y) + ^2lk(y)Pk (44) 

k=0 k=0 

are also symmetries. Substituting (1440 into defining system (jHJ), we find that 



<p = <p(y), ^ = ^(y)- 

Thus, y— symmetry of the system of equations ( 1341) are calculate by formulae 
ip = h{y,u),u x , . . .,w n _i), ip = H(y,u>,ui 1 , . . . ,a> m _i). 
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